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A Note on Nonlinear Contraction Semi-groups

Sung Ryong Yoo
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1. Introduction

Many authors have studied on Nonlinear semigroups. In 1969 Isao Miyadera proved; {Theorem
A Let {T(%); 0<&Zoo} be a nonlinear contraction semigroup. Supposc that there exists a set
D such that D=D(A) and for any x=D, T(&)x=D(A) for a.e. £20.

Then convergence is uniform with respect so & in every compact subset of [0, 00) Ilence if D
is dense in X, then above fact holds good for all x— X

The first aim of this paper is to show the following theorem 1,2 and theorem 3 in section 3
preparing to serve the above theorem A.

The second purpose of this paper is to verify the lemmas of which we take advantage of in
ordet to show the theorem 1,2 and theorem 3.
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2 Definition, propositons and Lemmas.

Let X, be a Banach space and Let {T{z); t=0} be a family of nonlinear operations X, into X
satisfying the following conditions.

1. T(0) =1 (the identity) 7.e., T(Q)x=x, x=Xo

2. TU+s)=T()T(s) for t,s=0

3. 0T W =-T @)l Sla—al for x, 3= X
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4, lim [T x—=xl|=0 for x= X,
t—o0+

Such a family {T(¢); t=0} is called a nonlinear contraction semigroup.
Now then the definition yields directly the following.

(Proposition 1> From the above definition 4., for any fixed x=X,, T(f)x is strongly conti-
nuous in #=0.

Proof: Put t,>4,, and #,—¢, =1, we have

T @) x~T @)l =T +0)x—T @)

=UT @) T@x=T ) LT (7)) x—x||-0(z =8, —1,—0).[]

And then we define the strong infinitetesimal generator A, of {T'(¢); =0} on X, by
Aox=1im Asx for all x=D(A4,), where D(A.) = {x=X.: :»Ihm Awx), Aw=h"Y(T(h)-I) and

kot

define the weak infinitetesimal generator A’ of {T(#); ¢=0} on X, by
Alx= W—llmA;.x x=D(A") where D(A’)={x=X,; T w—lim Awx}

h—ot+
<Prop051t10n 2> Let {T(¢); ¢=0} be nonlinear contraction semigroup on X, and llmHT(t)x -l
10+
=L<OO, rxe=Xo R

Then (1) IT@+h)x—T()x|<hL(t, h=0)
(2) o) =lhin01h“HT(t+h)x—T(t)xH exists and ¢(¢)< oo where ¢(¢) is a monotonous decreasing
function from [0, c0) into [0, o0).

proof; (1) For arbitrary >0, there exists {f:} such that |T (h)x—xIi<< (L+e)hs, W0, I
—0, for all »20(=1,2,--+), =0, we gain

IT (2 + Zr)x=all =IT (X T (@) 5= T(D)x+ T ()x
x| SIT (S x =l 41T ()5 =]

=T (Er)x =T (r)x+ T(rde =2l +1IT ()5l
<IT(Zr)x =T )2l +1T ()2 = 21l 11T (2) —

SUT()x=ll+ DT () x—xll, since £, A0,
||T(t+h)x TO=ITOT Wx~T @O IZNT (h)x— ]
Since £>>0, nk=¥:—<m I /m+1) and so t=h—mr =20, ri=h(i=1,2, -, ns).

V13
Hence [T (h)x—x|=1IT (z + _;hk)x—xll

ST @ x—all +nal|T ) x — x| = I T (h— nehs) x— xl| +
+mellT (he) x — 2l SUT (h—meha) x— x| + (L +e) b
k—ooD0=h — nihelle—0
Hence IT(A)x—xll<(L+3)h, Thus |T¢+h)x—TE)x|<Lh
(2) By The above assumption, since l}lr()rl sup T (R)x—xl/h
<L and L=}}£rgl+ inf [T (h)x—xll/h, hence there exists !erlHT(h)x %} = Ll oo,

Above all, for any >0, ITWTWx-TE)xl<
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T D) x = xNh>>0), lim inf T UNT W x=T{Hx <L 00
hoor

and lim sup 1TUODT (Dx T x =L =hm inl "TET O x—-T 0 oo and then using the
ot oo

assumption o[ (1) for the proof(1)
There exists lim [T ¢ +1)x—T(xll/h=1L" oo
h—o+

On the hand, we take t>s{i=s+a, a=0). It becomes
W@+ x Tl =T @a+s+)x—T(s+a)xt =T ()T (s+1)x
—T()T ()N SUT s+ h)x—T (s)x]|

Hence lim 1‘,T(t+h)x—~T(t)xH§li1}1 WT(s+)x—T(s)xl

h—sot -
That is o) Z¢(s) 7]
From now we verily the following lemmas in order to prove theorms in section 4.
(Lemma 1) {T(¢); t=0} is a nonlinear contraction semigrowp on X, and
(1) For any t=0, T(®)H=p where T D= (T (") x; xeP}
{2) Xo=Xo**(reflexive), because of X, being Banach space {rom Definition, for any xzp), T(£)x
eD(A).
Then - & T(Wx= AT )z (a, 0,0
Where = {xeX,; T(t)x: [0,00)—X,, Lipschitz continuous on D(f)}
Proof; For t=0, xe¢p
AT (Ol =hWTOTYh)y =T (tyxl1=h 0T (hyx— il = 1 Arxi| (7 250)
Hence hlim inf HAWT (&) x|<lim inf || Asxll< oo (since x:)))

vt s
Thus T{)xep, That is T) p« 7y
Alrcady we have found that f is a Lipschitz’s continuous on D(f) iff 7 continuous is on D(f)
and f satisfies Lipschitz’s condition on D(f) .
tLemma 2 Let x(¢) be an X-valued function on an interval of real numbers Suppose x/¢; has
a weak derivative x/ (¢.) - X at t=1{.. I[ {'x(£)] is also differentiable at t=¢..
Then (|x ()i dix(t)1/dt t=t,= R.(x" (t.), f) {or evory 7= F x(to)”
Proof;for all f = F(x(t.)), i t20t, R{x(t) —x(t), 1]
= R.(x(8), £ = xS (O Al e ()
= x(t) —altayllla o)l
Thus Roix-{t), F<Idx/d el x(Eo)ii it (<71
On the hand,
RAX8), )2 7dlx (D) dE el x (£
Hence Re(x'{ta), £ )0 i1/ dl -0 )

Since T s a contraction and As=f"" T {hy =1, Fepecially we heve, for all x, 37 X,

1 - - 2 '
lax - Aoy = Tl T U= (vl /‘/ STy Ty e e e

3. Theorems and corollary

{Theorem 17 Let Tz b a nonlinecar contraction =emicroup satisivine the foilowing «onsditions:
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For each x=X,, T(t; As)x is strongly continuously differentiable in £=0

then [[(Tt: Aa)x—T(¢: An)ylI<|lx—yl] for all x,yeXo, =0

Proof; Put T (#: Aw)x=u(t: x) for £=0 and x= X, since u(t: x) is the unique solution of co-
rdlary and {T'(z; As): t=0} is a contraction semigroup. Fix x,yXo and put z(¥) =u(t: x) —
u(t; y). Cleary z(t) =C'(([0,00): X) and dz(t)/dt=Awu(t: x) — Awu(s: ¥, 2(0)=x—y.

Since |1z(¢)1] is absolutely continuous, lz(#)!] is differentiable for a,c, t=0.

Therefore, by lemma 2, we get for a.e.t.=0

llz(¢) ILdllz () 1]/dte] = Re (2! (£0), £ (15))
=R[Am(to: x) —Awu(to: y), f1,1<0 for every fr.e F(z(y))
=F(u(ts: x)—ulte: y))

Hence ||z (Z.)11(dllz(¢.)1/dt.] <0 for a, e, te=0

And since 1z =11z (0)I* =j:[dilz(to) [1*/dt.]dt, =2j:[|lz(ta) ll-dilz(¢)11/dt.3dt. <0
That is, for each t>>0,

Hz@IP =11z =1le(t: %) —ult: y)IP=lix—y*<0
We obtain

T (¢ A x—T ¢ Ayl <llx—31]

[Theorem 2] Let {T(¢): 0<t} be a nonlinear contraction semigroup. For each 6>>0, there
exists a nonlinear contraction semigroup T (¢: As); 0<t} with the infinitesimal generator As(=
R'[T (W) — 1J) satisfying the same condition, of theorem 1.

Then dT (¢: Aw)x/dt=AsT (t; As)x for =0

Proof; Using Lemma 1, Since x& p), T(¢; Ax) is Lipschitz continuons with respect to #. Thus

we gain

d Y
2T Adx=lim 3{T@+h: A)x-T(t: Anx]

=4 Tt ) 2—T (%) =+ (T W) T @) 2 ~T 1))
=T () x-h~ (T ) =) =A;.hlinl T(to+h)x

=AT (to)x=AnT (t,: AS)x (Because T(t)x
:h]inl T(t: Ad)x)), for x=X,, t=0.[]
In the above results, we find that it is possible to show (theorem 2] without using Lemma 1,
Now we can verify the above theorem 2, with making use of the following corollary 1. Let
u(t: x) be the unique solution in corollary 1 and put.
T(t: Ax=u(t; x) for t=0, then {T(¢: As); 0=<t=<oo} is an nonlinear contraction semig-

roup satisfying the condition of [Theorem 1.

{corollary 1Y The equation —d”g;—")=mu<z: x) for 20, u(0: x)=x

has a unique solution U(¢: x) =C1([0,00): X) for any xe X,

Where C'([0,00): X) denotes the set of all strongly continuonsly differentiable x-valued func-
tions defined on [0, o).

Lcorollary 2] {T(t: Aa); 0=t} is continuous in ¢(=0) where T (¢: As) =exp(tAs).
proof; Since T (¢; As)x is a function from [0, o) into X,, Putting t=T,—T,, we obtain the
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{ollowing
WT(t: Anx—=T: Ax=IT ¢ +7; Aox=T({; Anxli
=T(t; AnT(t: ANx-T&; Anxll
< T(z: An)x—xi—0(—0)"]
Owing to the above corollary and theorems, thus we have the [ollowing,
[Theorem 35 Under the assumption of [theorem 27 supposed “for cach bounded set B in Xo
and 720,

Then sup [(Tt-d: Anx—T(t: An)xii—0 as 6—0."
xéB

4. Conclusion

With the aid of the above Lemmas, corollaries and theorems, we can verify [theorem Al in
Introduction and Tind that J, R Dorroh(2] has obtained the same result of (theorem AJ under the
assumption “for each x=D, T(&x is strongly conitnuously differentiable in £=0.”

Thus we find that Y, komura’3  has proved that if X is a Hilbert space, then for each x<
DA

T(ex=D(A) for a,e;6>0, and T(Za=x+| AT()xdr,

Therefore we have the following without the above assumption, the convergence of . Miyadera

r17 holds for cach xo D(A)." |
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