ol BT 199245 HEmmiEABEK
BmirREs] Xigdl o3t BiTH WR BEY

Fuzzy Pseudo-Topological Structure

Jong Hoo Lee

I. Introduction and preliminaries

In 1964, D. C. Kent [5] introduced the convergence function and investigated
some properties. Using this notion, we defined in (6] a fuzzy convergence
structure which was a correspondence between the prefilters on a given set X and
the fuzzy subsets of X and showed that, with each fuzzy convergence structure,
there was an associated fuzzy pretopological structure, that is the finest fuzzy
pretopological structure which is coarser than the fuzzy convergence structure. In
[7], we introduced the notion of fuzzy initial convergence structure and

investigated some properties.

In this paper, we introduce concepts of fuzzy pseudo-topological structure and
fuzzy pseudo-topologically coherent and investigate some properties with respect

to the initial convergence structure.

We recall some definitions and known results to be used in sequel (See (2, 3,
6, 71

Let X be a nonempty set and I be the unit interval. A fizzy set in X is an
element of the set of all functions from X into /. For each fuzzy set A aﬁd B in

X, AcB if A(X)<B(x) for all x€X. A fizzy point p in X is fuzzy set in X

defined by p(x) =X for x=x, (0<KA<1) and p(x) =0 for x#=xp,. We call x,
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the support of p and M the value of p. A fuzzy point p€A, where A is a fuzzy
set in X, if p{xp) LA(xp). A fuzzy point p is said to be gquasi-coincident with A,
denoted by pud, if p(xp)+A(xp)>1 or p(xp)>A (xp), where A’ is the

complement of A, denoted by A’=1-A.

For a nonempty set X, F(X) denotes the set of all prefilters on X and
P(X) the set of all fuzzy sets on X. For each fuzzy point p in X, p is denoted

by {A€P(X)IpqA}.

A fuzzy convergence structure on X is a function ¢ from F(X) into P(X)
satisfying the following conditions :

(1) For each fuzzy point p in X, p€c(p).

(2) For ¢, ¥eF(X), if dc¥, then c(®)sc(¥),

(3) If p€c(®), then pEc(®n p).
The pair (X, ¢) is said to be fizzy convergence space. If p€c(®), we say that

¢ c-comverges to p. The filter V.(p) obtained by intersecting all prefilters which

c-converges to p is said to be the c-neighborhood prefiter at p. If V.(p)
c-converges to p for each fuzzy point p in X, then ¢ is said to be a fizzy
pretopological structure, and (X, ¢) a fizzy pretopological space. The fuzzy
pretopological structure ¢ is said to be fizzy topological structure and (X, c¢) is
said to be fizzy topological space, if for each fuzzy point p in X, the prefilter

V.(p) has a prefilterbase B/ (p)s V(p) with the following property :
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rqU€ B:(p) implies UE B.(r).

A fuzzy convergence space (X, c) is said to be Jfizzy compact if every

ultraprefilter c-converges. And d.(®) is defined as follows:

ac(®) = {pl pEc(¥), for any prefilter ¥ finer than 9}

Theorem 1.1([6]). Let C(X) be the set of all fuzzy convergence structures
on X and £ a relation on C(X) defined as follows:

c1=2cz if and only if c2(®) €c1(9)

for each c1,¢2€ C(X), $€F(X). Then < is a partially order on C(X).

Let ¢1,c2€ C(X). If c1<c¢2, we say that ¢ is fner than c1, also that c¢; is

coarser than c3.

Theorem 1.2([6]). Let ¢ be a fuzzy convergence structure on X, and ¢ a
function from F(X) to P(X) defined by
PE () if and only if Vc(plcd

for each 9€F(X). Then ¢ is the finest fuzzy pretopological structure on X

coarser than c.

Let f be a function from a fuzzy convergence space (X, cx) onto a fuzzy

convergence space (Y, cy). Then fis said to be fizzy continuous at a fuzzy point
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p if the prefilter f®) cy-converges to f p) for every prefilter ® cx-converging

to p. If fis fuzzy continuous at every fuzzy point p in X, then fis said to be

fiizzy continuous.

Theorem 1.3([6]). Let f: (X, cx) —=(Y, cy) be a function.
1) If fis fuzzy continuous at fuzzy point p in X, then
VealAD)CA V(D).

2) If cy$c_Y$ is a fuzzy pretopological structure and
Va(Ap) SR VD)),

then fis fuzzy continuous at fuzzy point p.

Let {X;|i€I} be a family of sets, B; a prefilterbase on X; for each €[

and B the family of fuzzy sets in the product set ]LX ; which are of the form
;[EIIB;, where B;= X; except for a finite number of induces and Bi€ B; for

each i€ such that B;¥X;. The formula

(IBHYNCTICH = T(B:inCH)
i€l 1= iel
shows that B is a fuzzy prefilterbase on ];[IX i

Let ®; be a prefilter on X; for each i€I. The product of {0;1i€l} is the

prefilter on ];[IX ; generated by the family of the form ];[IBz, where B;€%; for
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each i€l and B;= X; for all but a finite number of induces, The product

prefilter of {®:|i€I} is denoted by glq)i.

Let (Xi, ¢i) be a fuzzy convergence space for each i€, f: X—(X; ¢;) be

a surjection and ¢ be a function from F(X) into P(X) satisfying the following
condition :

PEc(?P) if and only if £(9) ci—converges to fi( p) for each i€’

for each 9€ F(X). Then we obtain a fuzzy convergence structure ¢ on X that is
called the fizzy initial convergence structure induced by the family

(fliel} Cor {cilier}) (7.

2. Fuzzy pseudo-topological structures

A fuzzy convergence space (X, ¢) is said to be Juzzy pseudo-topological
space if ® c-converges to fuzzy point p whenever each ultraprefilter finer than ¢

c¢-converges to p.

Theorem 2.1. Let ( X, c) be fuzzy convergence space, and p(c) be a
function from F(X) to P(X) defined by
PEP(cHD) if and only if pEc¥) for each ultraprefilter ¥ finer than @
for each ®€F(X). Then p(c¢) is the finest fuzzy pseudo-topological structure

coarser than c
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Proof. It is clear that p(c) is a fuzzy pseudo-topological sucture coarser than

Let ¢’ be fuzzy pseudo-topological structure such that plc)<c¢’” <c and
pEP(c)®) for each PEF(X). Then p€c(¥) for each ultraprefilter ¥ finer than
®. Since ¢’ <c, we have p€c’(¥) . Hence p€c’(®) and so ¢’ <p(c). Thus

p(c) = ¢’

For each ultraprefilter ¥ on X, by definition of p(c), ¢ and p(c) have the
same ultraprefiler convergence. Thus, by Theorem 21, ¢ is fuzzy pseudo-

topological structure if and only if ¢ = p(c).

Lemma 2.2([71). Let c¢i and ¢’ be two fuzzy convergence structures on Xj
such that ¢’ S<c; for each i€l If ¢ and ¢’ the fuzzy initial convergence
structures on X induced by the family {f|fi: X—(X;, ¢)} and {fil i: X—

(X:, ci) } respectively, then ¢’ < c.

By Lemma 2.2, the following theorem is easily verified.

Theorem 2.3. Let ¢ and ¢’ be the fuzzy initial convergence structures induced
by {(filfiiX—=(Xi, )} and {fil it X—(X;, p(ci))} respectively. Then the
following statements hold :

(1) ¢ <plo)

(2) If c; is fuzzy pseudo-topological for each i€, then ¢’ = p(c).

10
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For each i€, (X; ¢;) means fuzzy compact convergence space such that

@c(®) is one point set for each ®€F(X)). (X,c), (IIX;¢") and
(11X, ¢”) mean fuzzy initial convergence space induced by (il fit X—(X;, e},
{Pil Pi: X—(X:, c))} and {(Pil Pit X—(X;, p(ci)), respectively, where f is
surjection and P; is canonical projection. Also, TIX:, TlpX; and pIIX; will

denote (II1X;c), (TIX;c¢”) and (ITx;, p(c7)), respectively.

Theorem 2.4. If (X, ¢/) is fuzzy pseudo-topological convergence space for

each i€, then initial convergence space (X, ¢) is also fuzzy pseudo-topological,
Proof. Let ¢ be prefilter on X and p€c(¥) for any ultraprefilter ¥ finer

than ®. Then f(9)<f(¥) and ultraprefilter f(¥) ci—converges to fi(p) for each
1€I. Since (X;, ci) is fuzzy compact, there exists only one fuzzy point p; in X;
such that p;Ec(f£(¥)). Since (O Cf(¥) and a.(fi(®)) = {ilp)}, we have
pi = filp). Thus £(®) c;-converges to fi(p) because (X, ) is fuzzy

pseudo-topological for each i€/’ Therefore (X, ¢) is fuzzy pseudo-topological.

Corollary 25. If (X i, ¢i) is fuzzy pseudo-topological convergence space for
each (€7, then initial convergence space (I[X;¢") is also fuzzy pseudo-

topological.

Theorem 26. Let (X, c¢i) be a fuzzy convergence space and let fii X—

(Xi,ci) and gi: X—(X;, p(¢)) are surjections defined by f = g; in underlying

11
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set for each i€l If ¢ is fuzzy initial convergence structure induced by the
family {gi|i€1I)}, then ¢’ <p(c)<c.
Proof. For each P€F(X), if p€c(?), then we have
gi(p) = filp € cif(®) cplc)(f (D) = plcigi®))
Since c¢" is fuzzy initial convergence stucture induced by {gili€I}, p€c’(9).
Hence c¢"<c. By Theorem 24, ¢ is fuzzy pseudo-topological because p(c:) is

fuzzy pseudo-topological. Since p(c¢) is the finest fuzzy pseudo-topological coarser

than ¢, c"<p(c)<c.

Theorem 2.7. If (X; ci) is fuzzy convergence space for each i€, then
Mexi<p M X:< T X,

Proof. By definition of fuzzy pseudo-topological, p MTXx;< 11 X:. We shall
show that TIpX:<pT[ X, Let ® be a prefilter on [IX; If ® p(c’)- converges
to (p)ier in pIX; then ¥ c’-converges to (pi)iesr in I[X; for all
ultraprefilter ¥ finer than ®. That is, P:(¥) ci-converges to pi in X for each
i€I. Since p(ci)Sci, Pi(¥) plci)-converges to p; in X; for each i€l Thus
¥ ¢” -converges to (pi)ier in IIpXi By Corollary 25 [[pX; is a fuzzy

pseudo-topological and hence ® c¢”-converges to (pi)ier in T[pX..

A fuzzy convergence space (X, c¢) is said to be fizzy almost pseudo—

topological if c(¥) = p(c)(¥) for all ultraprefilter ¥ on X.

12
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Theorem 2.8. If (X ¢;) is fuzzy almost pseudo-topological space for each

i€1, then initial convergence space (X, c¢) is also fuzzy almost pseudo-—
topological.

Proof. Let c¢* be the fuzzy initial convergence structure defined in Theorem
26. If p€c™(®), then for each €I, gi(p)€p(ci)(giP)). Since (Xi, ¢i) is fuzzy
almost pseudo-topological, f(p) = gi(p)€ Pled(f(9) = cl(£(¥) for all ultra-
prefilter ¥ on X. Thus p€c(¥) and hence c’(¥) ce(¥)cplc)(¥). By Theorem

26, c(¥) = c*(¥) = p(c)¥). Therefore, (X, ¢) is fuzzy almost pseudo-topological.

Corollary 29. If (X;, ¢;) is a fuzzy almost pseudo-topological for each i€],

then initial convergence space ([ X i ¢’) is a fuzzy almost pseudo-topological,

(Xi, ci) ier of fuzzy convergence space (X;, ¢;) is said to be a fuzzy

pseudo-topologically coherent if pIlX; = IlpX;.

Theorem 2.10. Let (Xi, ¢i) be fuzzy convergence space for each (€] Then
(Xi,ci) is a fuzzy almost pseudo-topological for each €7 if and only if
(Xi, ¢i) ier is a fuzzy pseudo-topologically coherent.

Proof. Suppose that Mpx:<pTl X;. Then there exists a prefilter ¢ on Ix;
such that @ converges to (p;)ic; in I[pX; and does not in I X:. By definition
of pIlX; there exists a ultraprefilter ¥ such that ¥ does not ¢’-converges to

(pi)ier in IIX; and ®c¥. But ¥ converges to (pi)ier in IlpX; because 9

13
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converges to (pi)ier in TIpX: and ¥2®. Thus Pi(¥) p(ci)-converges to pi in
pX; for each i€I, so that Pi(¥) ci-converges to pi in X; for each i€l by

definition of fuzzy almost pseudo-topological convergence space. Hence V¥

c’'-converges to (pi)ier in I1X; This contradicts to the fact that a ultraprefilter
¥ does not ¢’-converge to (pi)ier in 11 X: Thus (X cier is fuzzy pseudo-

topologically coherent.
Conversely, suppose that (X, ci)ier is fuzzy pseudo-topologically coherent,

and let 9; be arbitrary ultraprefilter on Xi. If ¢ ci-converges to pi in X for
each i€I, then ®; p(c)-converges to pi in pX; for each i€l. On the other
hand, if ® p(ci))-converges to pi in pX; for each i€I, then T1®; converges to
(pi)ier in IIpX:. Since pTIX:= TpX;, TI®: p(c") -converges to (pi) ier in
pTIX; and so ® c’-converges to (pi)ier in IIX: for all ultraprefilter ® finer
than II9;, thus Pi(®) ci-converges to pi in X; for each i€I. Since Pi(9®)
and ®; are ultraprefilters on X; and Pi{(®) 2Pi(T[®) =, Pi(®) =%
—converges to pi in X; for each i€l Thus X; and pX; have the same

ultraprefilter convergence and hence, for each (€I, X: is a fuzzy almost pseudo-

topological;
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