DUAL OPERATOR ALGEBRAS AND HEREDITARY
PROPERTIES OF MINIMAL JOINT DILATIONS
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1. INTRODUCTION

Let ‘H be a separable, infnite dimensional, complex Hilbert space and let
L(H) be the algebra of all bounded linear operators on H. A dual algebra is
a subalgebra of £(H) that contains the identity operator Iy and is closed
in the ultraweak operator topology on £(#). The theory of dual algebras is
deeply related to the study of the problem of solving systems of simultaneous
equations in the predual of a dual algebra (see [1], [3] and [4]). In particular,
Exner-Jung [11] defined certain Hereditary properties concerning a minimal
isometric dilation of a contraction operator T' and obtained some character-
izations for membership in the the class A; x, which will be defined below.
This give a motivation for this work.

Let T be a contraction operator in £(H) and let Br be a minimal isometric
dilation of 7" on K,

Ky =\/ BN,
n=0
with the Wold decomposition By = Sr@&Rr, where Sy € L(Ur) is the
unilateral shift part and Ry € L(Rr) is the residual part. Suppose that
T € L(H) has a non-zero semi-invariant subspace M (i.e, M # (0)). For
a compression T = Trm of T to M, we write a minimal isometric dilation
of T by By = S @ Rz. Recall that a contraction T has property (H) if,
for any non-zero semi-invariant subspace M for T, the minimal isometric
dilation Br,, € L(K) of T which is obtained as a restriction Br|K with
K € Lat(Br) satisfies Ur,, C Ur. In addition, a contraction operator T' € A
has property (P) if there exists M € Lat(T) such that T|M € A(M) and
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T'| M has property (P). Then it follows from [j] that T' € A x, if and only if

T has property (P). Also one discuss other related hereditary properties in [I5
]. In ig, one developed a functional calculus for a 2-tuple contractions. In [4],

one introduced a class Ag?n of pairs of operators and obtained some results
concerning minimal joint isometric dilations. So in this paper we extend the
study of hereditary properties of single operators to 2-tuple operators.

In section 3 we will discuss certain Hereditary properties concerning min-
imal isometric dilations or minimal coisometric extensions of a pair of con-
tractions. In section 3, we apply the hereditary properties to a theory of dual
algebras.

2. PRELIMINARIES

The notation and terminology employed here agree with those in [2], [4]
and [19]. Suppose that A is a dual algebra in £(H). Let C; = C1(H) be the
trace class in £(H) and let L A denote the preannihilator of A in C;. Let Q4
denote the quotient space C;/%A. One knows that A is the dual space of
Q4 and that the duality is given by

<T,[L] > = trace(TL), T € A, [L] € Qa.

For T € L(H), let Ar denote the dual algebra generated by T'. For vectors
z and y in ‘H, we write, as usual, £ ®y for the rank one operator in C; defined
by (z®y)(u) = (u,y)z, uweH.

Throughout this paper, we write N for the set of natural numbers. We
shall denote by D the open unit disc in the complex plane C and we write T
for the boundary of D.

For a Hilbert space K and any operators T; € L(K), ¢ = 1,2, we write
Ty = T3 if T3 is unitarily equivalent to T5.

For 1 < p < oo we denote the usual Lebesgue function space by LP =
LP(T) and the usual Hardy space by HP = HP(T). One knows that the
preannihilator +(H*) of H* in L! is the subspace Hj consisting of those
functions g in H! for which analytic extension g to D satisfies g(0) = 0 (cf.
[14]). It is well known that H* is the dual space of L'/H}.

Suppose that m and n are any cardinal numbers such that 1<m,n <¥,.
A dual algebra A will be said to have property (A, ) if every mxn system
of simultaneous equations of the form [z;®y;| = [L;;], 0<i < m, 0<j < n,
where {[Lij]}g%ir: is an arbitrary m X n array from Q4, has a solution

{zi}o<i<m, {¥;}o<j<n consisting of a pair of sequences of vectors from H.
For brevity, we shall denote (A, ) by (A,). The class A(H) consists of all
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those absolutely continuous contractions T in £(H) for which the Foiag-Nagy
functional calculus ®1 : H*® — Ag is an isometry. Furthermore, we denote
by Apn(H) the set of all T in A(H) such that the algebra Az has property
(Am.n). We write simply A, for A, »(H) unless we mention otherwise.

Let E(’H)ggnm be the algebra of pairs of operators in £(H) which are
commute. For T = (T1,T3) € E(H)g?,)mm, if there exists a 2-tuple (S1,52) €
ﬁ(H)S,E,an for some Hilbert space K D H such that H is a semi-invariant
subspace for S; and (S;)x = Tj, j = 1,2. For T = (I, T2) € LH) D m, a
joint dilation(extension) S = (S1,52) € ,C(IC)g)mm, where K D H, is said to
be a joint unitary (resp. isometric, coisometric ) dilation (extension) if each of
S;, j = 1,2, is a unitary (resp. an isometry, a coisometry). If U = (U, Us) €
L(}C)ﬁ%’,}nm is a joint dilation for T = (T1,T2) € E(H)Sﬁ’,an and K DHisa
common invariant subspace for U, then UK = (U1 |K',U2|K) € E(K’)gi)mm
is a joint dilation of T.

For 1 < p < 0o, we denote by LP(T?) the Lebesgue spaces relative to
normalized Lebesgue area measure on the torus T? and by HP(T?) the Hardy
space the subspaces of LP(T2) consisting of all the functions f € L?(T?) such
that the Foisson Kernel is analytic on D?. We write for L§(T?) the subspace of
L*(T?) consisting of those functions f € L!(T?) such that Fourier coefficient
f(—nl, —’n2) =0, for all ny,n9 € N.

The following provids a good relationship between H*(T?) and Ar, r,
which is a dual algebra generated by 11, T3.

Theorem 2.1. [, Theorem 2.4.2] If (Ty,Tz) € ACC(H), then there is
an algebra homomorphism &1, 1, :+ H®(T?) — Ar, 1, with the following
properties:

(a) @1, 1,(1) = I(, ®1y 1, (w1) = Th, @1, 15(w2) = T2, where wy and wo
denote the coordinate functions.

(b) |®7,, 7, (W) || < [Ihlloo, for all h € H®(T?).

(c) @1, 1, is weak*-continuous. (i.e., continuous when both H* and Ar,,r,
are given the corresponding weak*-topologies).

(d) The range of @1, 1, is weak*-dense in Ar, T,.

(e) There is a bounded, linear, one-to-one map

o117, - Qry 1 — LY (T?)/L5(T?)

with ¢*T1,T2 = (I)Tl Ty -
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(f) If @7, .1, is an isometry, then it is a weak*-homeomorphism onto
At T, and ¢, 1, is an isometry onto L'(T?)/L}(T?).

We now define the classes A(®(H) and Ag,%,)n(H). The analogous classes
A(H) and A, ,(H) have been a central topic of study in the theory of dual
algebras (cf. [4]). Let (Ty,T2) € ACC®(H). We say that (T1,Tz) € A® (H)
if the funtional calculus is an isometry. Furthermore, for n € N, we say that

(Th,T2) € A(2/) (H) if (T1,T2) € A®(H) and A, 1, has property (Ajy).

Similarly, for m,n cardinal numbers with 1 < m, nRq, we say that AS,"Z,’”(H)
if (T1,T2) € A@(H) and Ar, 1, has property (Ap,.n). As before, we write
AP (H) instead of A2, (H).

Recall that T € C.o if ||T*"z|| — 0 for any z € H. We say T € Cy. if
T* € C.o. And we denote that Cyg = Cy. N C.g.

3. HEREDITARY PROPERTIES OF JOINT DILATIONS

Let T = (T1,T») € L(H )comm be a pair of contractions. A pair (T1,73) €

L(H)&?,an of contractions has a joint coisometric extension, and thus a min-
imal joint coisometric extension(cf.[ ,]). LetBp = (By, By) € £(i€)£?,)mm be
a minimal joint isometric dilation of T' = (T1,T2), so that X D H, H is a
common invariant subspace for B;, and B} |H = T7,j =1,2. Then K has de-
composition K = §; ® Rj, j = 1,2, such that S;, R; are reducing subspaces
for B; j = 1,2 respectively and B;|S; = Sj, and B;|R; = R;, j = 1,2,
where ST is backward shifts operator of some multlphclty and R; is unitary

operator j = 1,2. Furthermore, it follows that Bp- = (B}, Bj) € L(/C)&?,an

is a minimal joint coisometric extension of T* = (T}, T5).

Let M be a common invariant subspace for T = (T},T) € L‘,(H)ﬁﬁinm
with M 3 (0). Then a minimal joint isometric dilation Bp = (By, By) of
T is a joint isometric dilation of T|M = (TllM T3|M). Hence T|M has a

minimal isometric dilation BT|M € E(IC)comm with B\ = (B1|K, Bs|K)

such that M ¢ K C K with K € Lat(Bq) and Brjy = Br|K. Note that
contrary to the one variable case, all minimal unitary dilation of a pair of
contractions are not isometric. Hence we should define hereditary properties
with a slight diferrence with one variable case as follows.

Definition 3.1. Suppose that T = (T1,T») € L(H )comm be a pair of con-
tractions.

(1) T has property (ng)) if there exists minimal joint isometric dilation
Bt of T such that for any non-zero common invariant subspace M for
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T = (T1,T») the minimal joint isometric dilation By = (B1IK, B4|K) €
£(E)£32nm of T|M obtained as a restriction BT]IE with K € Lat(B)
satisfies St,|4q C Sty and Styim C Sty -

(2) T has property (H§2) ") if there exists minimal joint coisometric extision
B of T such that for any non-zero common invariant subspace M for T =
(T1,T2), the minimal joint coisometric extension B:I‘l m = (BIK, ByIK) €
L(K)Zm of T|M obtained as a restriction BIK with K € Lat(Br)
satisfies Sy ja C Sry, and Styim C Sty

(3) T has property (H§2) ) if there exists minimal joint isometric dila-
tion Bp of T such that for any non-zero common invariant subspace M for
T = (11, T,) the minimal joint isometric dilation Bpm = (BilM, BoM) €
£(E)£?,an of T|M obtained as a restriction BTIE with K € Lat(Br) satis-
fies RT1|.M C RTl and RTzIM C RTQ.

(4) T has property (ng)*) if there exists minimal joint coisometric ex-

tension B of T such that for any non-zero common invariant subspace

M for T = (T1,T3), the minimal joint coisometric extension B&‘| M=

(B}IK, B4IK) € L(E)ﬁﬁlnm of T|M obtained as a restriction Bfrllz with

K € Lat(Br) satisfies Ry, 0 C Ry, and Rayim C R,

We denote 0.62) is the set of pairs (73,T3) of operators on H with T; €
CoH)i=1,2.

Proposition 3.2. Suppose that T = (Th,T) € C.((f)('l-{). Then T has prop-
erty (H§2) )-
Proof. Since T; € C., Br, is a unilateral shift on H;. Let us consider a joint
isometric dilation B := (Br, ® Br,, By, ® Br,) in L(H, & Hz)gian of T.
Then B € C’.(()z) and there exists a minimal joint isometric dilation By
of T such that BIK = Br := (Bf,, By,). Since B € C.?, Bp € .9,
Consider M € Lat(T) with T|M := (T M, T2|M) € C'.gz). Then since
there is no unitary part, T has property (Hg2)). a

Example 3.3. Let U be a bilateral shift and let consider U=(U,U). Then
U=Byj and S = (0). Let M € Lat(U). Then UM =By|M and S = M.
Hence S can not be contained in S and U does not have property (H§2)).
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Theorem 3.4. Ewvery pair of contractions T = (T1,T3) € E(H)gomm has
(1) property (H®"),
(2) property (HY),
(3) property (H").

Proof. Let T = (T1,T3) € £(’H)comm and M be a nontrivial comman invari-
ant subspace of T.
(1) Let Bp = (B}I,B'Tz), be the Ando coismetric extension of T and let

B~ = (B., B’ ) be a minimal joint coisometric extension of T = (T 1,@
T T, T2

such that £ C K. Then
B’,T,» = S';‘z @R}i € L:(STi @RTi),’i =1,2
and

o [ TIM
= 0 N

relative to a decomposition M & (K & M).
We now claim that Sz C Sgy, 1 =1,2. Let z € S; andlet z =s®r €

St, ® Rr,. Since Blﬁ = Br. IK, by minimality where K € Lat(Bz7,), we have

IS5 |® = | BE 2| = || Bf=||*
= |I(57 @ R (s @ )|

= |IS7"sl® + IR 7|
= |ISsl® + lirll?

let n — oo, r = 0. Therefore z € St,, i = 1,2. Hence T has property (ng)*).
(3) Using notation in the proof of (Hj.). We claim that Rz C Rr,. Let
r€Ry CK=S57, @Ry, andlet z =s@7 € Sr, ® Rr,. Then we have
Isll? + lIrl* = llzl* = |RZ=|* = | BE |l
= | B =|® = IS5rsl® + | R
= 1SF7s)I* + Il
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Let n — oo, since ||Sj7s|| — 0, s = 0. Therefore Ry C Rry- Similarly
Rz, C R, Hence T has property (Hg)*).

(2) Let B € E(IC)go)mm be the Ando minimal joint isometric dilation of T
and B’T =B\ € L(E)&?}mm be the minimal joint isometric dilation of and
T = TIM = (T3} M, To|M) such that Bp|K = By and K € Lat(B1, Bz).-

We have By, = S1.®Rr, € L(Sr,®Rr,) and By, = S5 @Ry, € LISEORE,)-
We shall claim R7 C Ry, = 1,2.Let z € Ry andletr = sOr € S1, PR, -

Since By = Br, IIE,
*x7 Bin 0
o= ( An )

relative to a decomposition KeKe K) for any n € N.

lzll? < llel? + | Anzll? = IRF 2] + [|Anz]®
= |Rz ® Anz|® = || Bl

< J|zf®.
Therefore ||z|| = || B;x|| for any n € N. And we have
lsl2 + [Irl* = ll=®

= ||B32al|? = 1S55I + | BRI
= |IS57sl® + lIr 1%

Letting n — oo, ||S77s|| — 0, s = 0. Therefore € Rr,. So Rz, C Rry-
Similarly Rz C Rr,- Hence T has property (ng)). d

4. DUAL ALGEBRAS GENERATED BY 2-TUPLE CONTRACTIONS

Lemma 4.1. If T = (T1,T2) € Af%(?—l), then for any positive integer m,
there exists My, € Lat(T) and {egcn)}zzl C M, such that

eEC”) € Ker(Tian)*k o KGT(Tian)*k—l

and
el @ e{™] = [Col
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k=1,---n.
Proof. Let us consider the operator Aj € L(C™), j =1,2 such that

4 =

Then it is easy to show that A; has a cyclic vector By [17. Theorem 3.3.1],
there exist M,, N, € Lat(T) with M,, D N, dim(M,, ©N,,) = n such that
Al =T, M,, ON,, is similar to A;.Let X : M, 6N, — H invertible operator
with A; = X A{X " for i = 1,2, then XA} = A, X and then X*Ar = Axx~.
Define e,&") = X*ug,where uy. Then

(Ai*) el = A9 X 0y = X* AT,

If j < k, then X*A;juk = 0. Since X* is one to one, if j < k, then X*A;-kju;c #
0, for i = 1,2. Hence we have

el ¢ Ker(A;*)** o Ker(A;**)*~1,

Moreover, since

* 0
@M= (1 o)

we have
e,(c") € Ker(T;| M)k o Ker(T;|My)*1,

Thus, for h € H>®(T),
*  o*
D x|,
0 x

where D is the scalar operater(with respect to basis {u,}) defined by De,(c") =
h(A\)e(™, therefore

O O *

h(Tl, Tz) = (

<AT1, To)el™, ef™ >= h().
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Then by definition of

[C)‘]T — [esc'n) ® escn)]T’ k —_ 1, cee M.

Hence the proof is complete. [

Let A be a dual algebra, for 0 < < v < 1. We recall from [] that £5(A)
is the set of all [L] in Q4 such that there exist sequences {z;} and {y;} in
the unit ball of H satisfying

limsup ||[Z] — [z: ® yill| < 0

i—00

and
iz ®2])|| — 0, VzeH.

Furthermore, for some 0 < § < v < 1, A has property Eg ., if aco(E5(A))
> Boy ={[L] € Q: L]l <~}

Theorem 4.2. Suppose T = (T1,T2) € Aﬁ(’H) has property (H§2)). Then
there exist {f;}52, of unit vectors in ‘H satisfying

If; ® f5]1 = [ColT

and

If; @ wiln || + I[f; @ welg, || — 0 Vwi €H, i=1,2

Proof. Let Bp = (Br,, Br,) be a minimal joint isometric dilation of T =
(T3, T?) has property (H(lz)) , and let By = (B7,, Bf,) be a minimal joint co-
isometric extension of T* = (T, Ty). Suppose By, = St, &Ry, Br, = ST,®
R, where Sty, ST, are unilateral shifts on Sy, and St;, respectively and
Rr,, Rr, are unilateral operator on R, and Rr,, respectively. By Lemma
4.1, for each positive integer n. There exist M,, € Lat(T) and orthonormal

set {e\™}7_, C M, such that

(6-a) e™ e Ker(T;|My)™*
and
(6-b) e\ & e{™] = [Col,
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k=1,--n,i=1,2 Let B = (Bru,, Brya,) € L(B)”.  be a minimal
joint isometric dilation of T|M,, = (T1 My, Ta|M,,) = (T1 My, To| M,,) ob-
tained as BTIIEn for some K,, € Lat(By) and then BY = (B}lan’ (T2) M., )I
be the minimal joint coisometric extension of

(TIM)" = (To| M, Ty|M2).
Suppose

(6-c) M, = Stiim, ® R;“lana‘ndB;“len =S m, @ Ry m,

where St .., ST,m,, are unilateral shifts on Sty M, STy M, , Tespectively.
By (6-a) and (6-c), e,(c") €ST M. k=1,---n,i=1,2. Since T has property

(H§2) » STiim,, C S, Vn Vi, then e,(cn) € St for all pairs k£ and n with
¢ = 1,2. Hence we can prove

s @wilnll +1[f; ®@walzll — 0 Yw,eH, i=1,2.
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